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Abstract 

Let (A, g) be a compact Riemannian stratified space with simple edge singularity. 
Thus a neighbourhood of the singular stratum is a bundle of truncated cones over a 
lower dimensional compact smooth manifold. We calculate the various polynomially 
weighted de Rham cohomology spaces of A, as well as the associated spaces of 
harmonic forms. In the unweighted case, this is closely related to recent work of 
Cheeger and Dai |S] . Because the metric g is incomplete, this requires a consideration 
of the various choices of ideal boundary conditions at the singular set. We also 
calculate the space of harmonic forms for any complete edge metric on the regular 
part of A. 


1 Introduction 

One of the early successes in the extension of Hodge theory to manifolds with singularities 
was the work of Cheeger in the early 1980’s on manifolds with isolated conic singularities 
[3j. This provided the inspiration for, and one of the first corroborations of, conjectures 
made by him and Goresky and Macpherson relating Hodge theory on stratified spaces 
to intersection cohomology. Soon afterwards, Cheeger gave a general strategy to extend 
these results to singular spaces with an iterated stratified structure 

In the intervening years substantial progress has been made in this subject. The 
goal of much of this work is the following: consider a particular class of noncompact or 
singular spaces, and a natural class of metrics on them, and find a relationship between 
the space of harmonic forms and some purely topological invariants of the underlying 
space. Somewhat nonobviously, the dimension of this Hodge cohomology space is a quasi¬ 
isometry invariant of the metric, which makes this a feasible program. The problem is 
rather different for complete and for incomplete metrics since in the incomplete case one 
must also understand the contributions coming from the choice of boundary conditions 
at the singular locus. 

Methods that have been successful for this encompass sheaf-theoretic techniques and 
both soft and hard analytic techniques. As an example of the state of the art of the former 
we refer to Saper’s recent work on locally symmetric spaces m, PH; not surprisingly, 
combining these various tools can be very effective, cf. our recent work with Hausel m- 
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We do not attempt, however, to list the many other significant recent contributions to 
this area. 

The specific problem we study here is to determine the topological meaning of the 
space of weighted harmonic forms on a compact manifold with ‘incomplete edge’ 
singularities. More precisely, let X be a compact stratified space with only two strata: 
an open top-dimensional stratum := M and a stratum B of dimension b in its 

closure. We assume that a tubular neighbourhood of in X is diffeomorphic a bundle 
of cones over B with fibre a (truncated) cone Ci{F) over a smooth compact manifold F. 
The Riemannian metric g on M restricts to a standard conic metric on each fibre. 

We recast this slightly differently. Let M be a smooth compact manifold with bound¬ 
ary Y = dM. Suppose that Y is the total space of a fibration (j) Y ^ B with fiber F, 
and that x is a boundary defining function on M, so T = {x = 0 } and dx ^ 0 there. 
Write 

n = dimM, b = dimB, f = dimF. 

A metric g on the interior M = M \ Y is called an incomplete edge metric if in some 
collar neighborhood of the boundary Z// = (0, xq) x T of dM, it is quasi-isometric to one 
of the form 

g = dx^ + h + x^K, 

where h is the pullback to Z// of a metric h on B (via the projection lA ^Y B), and 
K is a symmetric two-tensor on U which restricts to a metric on each hber F in dM, i.e. 
at X = 0. The metric completion of M with respect to such a 5 is diffeomorphic in an 
appropriate sense to the stratified space X obtained by collapsing each fibre F at T to 
a point. Natural examples of incomplete edge metrics include hyperbolic cone metrics 
with unbranched singular set, cf. M- 

Hodge theory on incomplete edge spaces, subject to the condition that / is odd, is 
also the subject of the paper by Cheeger and Dai. Their aim, however, is primarily 
directed at the study of the signature on cone bundles and its relationship with Dai’s r- 
invariant for the bundle T —> H. The present paper came into being because we realized 
that the methods developed in our previous work m adapt directly to this setting, and 
can be used to determine the individual Hodge cohomology spaces also when / is even; 
it requires little extra effort to study this problem on an entire scale of polynomially 
weighted spaces. This extended setting is quite natural and in m, the first author ties 
it to another interpretation of Dai’s invariant t{Y). Of course, we fully acknowledge the 
overlap of the material here with that in [^, and are also grateful to X. Dai for several 
very useful conversations. 

The main results in m identify the Hodge cohomology on a manifold M with the 
same differential topological structure as above, but endowed with a ‘fibred boundary’ or 
‘fibred cusp’ metric, with certain intersection cohomology groups of the space X. These 
types of metrics are complete and occur frequently in interesting geometric contexts, 
e.g. as gravitational instanton metrics (the fibred boundary case) or locally symmetric 
metrics with Q-rank 1 cusp ends (the fibred cusp case). The proofs there proceed by 
first showing that the appropriate intersection cohomology can be calculated in terms of 
weighted (conormal) cohomology, and then showing that these are identified with 
harmonic forms. The first step uses sheaf-theory and the second relies on analysis via a 
parametrix construction. 
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While the proofs here are similar, there are two important differences: first, the 
parametrix method in CSl draws on the fibred boundary pseudodifferential calculus from 
m, while here we use the edge pseudodifferential calculus from UHl- From the reader’s 
point of view, this substitution is only formal, since the results we need appear quite 
similar (although the intricacies of the parametrix constructions and analytic phenomena 
in the two calculi are quite different). However, since the metrics in one of the classes we 
consider in this paper are incomplete, we must pay more careful attention to the whole 
question of choices of closed extension ioi d, 5, D = d + 6 and A. 

We now describe our results in more detail. We first consider the weighted de Rham 
complex {x°'L‘^Q*{M,g),d), where g is an incomplete edge metric. In general, if T is 
any function space on the Riemannian manifold {M,g), then we denote by the 

space of sections of the exterior bundle h*T*{M) with this regularity. When there is 
dependence on the metric, it is indicated explicitly by writing J^i}*{M,g). A form a is 
in x°‘LF‘VL* {M, g) if a = where a' G L?Vt*{M,g). Some results are presented in §3.3 
concerning when d has a unique closed extension to these weighted spaces. In particular 
we prove the 

Proposition: (§3.3, Corollary 3) Suppose that ((/ — l)/2 — a, (/ + l)/2 — a) n N = 0 or 
else, if there exists an integer qa G ((/ —1)/2 —o, (/ + l)/2 —a) then = {0}. (Note 

that this is true when a = 0 and b is even, or else when b is odd and = {0}.J 

Under either of these conditions, the operator d on x^Lp‘Ul*{M,g) has a unique closed 
extension in all degrees. 

This result is an analogue of, and generalizes, a result due to Cheeger in the conic 
case jl]. The proof involves the justification of a delicate integration by parts. 

Although we state and prove this proposition separately, it is also a consequence of 
another result we prove later in this paper concerning closed extensions of the elliptic 
operator Da = d+5a, where 6a is the codifferential on x^{M , g). The more technical 
proof in this case uses the ellipticity of Da and the existence of a parametrix for it in the 
edge calculus, as described in §4. We prove the 

Proposition: (§4.3, Theorem 7): Let {M,g) satisfy the hypotheses in the preceding propo¬ 
sition relative to the weight a. If in addition Ap (the Laplacian on the fibres F with re¬ 
spect to any one of the family of metrics k) has no ‘small eigenvalues’, as defined in ^4-3, 
then Da is essentially self-adjoint on x^^Ip'Ll* {M, g). If the first hypothesis is satisfied, 
then it is always possible to achieve this extra small eigenvalue hypothesis with a metric 
g' which is quasi-isometric to g. 

These results concern special situations where there is a unique closed extension, but 
in general, there are two different canonical procedures to extend {x^’"iPll* {M, g), d) to 
a Hilbert complex, known as the maximal or minimal extension of d, and these may be 
lead to quite different complexes. The associated de Rham cohomologies are denoted 
S’’®)’ I'espectively. In analogy with familiar terminology on manifolds with 
boundary (which is a special case of our setting when the fibre P is a point), we call the 
Hodge Laplacians associated to each of these complexes the absolute and relative Hodge 
Laplacians, and denote their nullspaces by 'H*^,^^i^^^{M,g,a). It is almost a tautology 
that the maximal and minimal weighted de Rham cohomology spaces are identified with 
the absolute and relative weighted Hodge cohomology spaces. As for the topological 
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interpretation, we prove the 


Theorem: (§3.5, Theorem 4:)Let {M,g) be a manifold with incomplete edge metric. The 
maximal and minimal weighted Hodge cohomology spaces are canonically identified with 
intersection cohomology for the stratified space {X,B) by: 


Trk 

-^max 


(M,g, a) 




/ odd 
f even 


and 




K+<a-i/2>iX,B) 


f odd 
f even ’ 


here <C t denotes the least integer strictly greater than t and < t > denotes the least 
integer greater than or equal to t, and m, respectively m, are the lower and upper middle 
perversities. 

We single out two important special cases: 


Corollary: The maximal and minimal de Rham cohomologies when a = 0 correspond to 
upper and lower middle perversity intersection cohomology. 




Moreover, when f is even, the maximal and minimal de Rham cohomologies at weights 
±1/2 coincide, and again correspond to upper and lower middle perversity intersection 
cohomology. 




The notation IH*{X,B) is somewhat nonstandard, and indicates a slight generaliza¬ 
tion of these spaces (so as to include, for example, the case where T is a point), which 
we discuss in §3.2. 

These results are, to some extent, ‘soft’ in that they do not require any serious use of 
elliptic theory, and for that reason we have separated them into the first few sections of the 
paper. The main ingredients in their proofs are some abstract functional analytic results 
involving Hilbert complexes from [2], reviewed in §2, the sheaf-theoretic characterization 
of intersection cohomology from [^, discussed in §3.2, and the appropriate Poincare 
Lemmas (also known as ‘the local calculations’), which are developed in §3.4 and 3.5. 
Very helpful in our approach is the fact that we may restrict attention to conormal forms, 
but this is not strictly speaking necessary. This part of the paper is a recapitulation and 
extension of Cheeger’s original work on the Hodge theory on cones, with an attempt to 
present the argument as cleanly as possible in this slightly more general context, but the 
results could all also be proved using the techniques in 

On the other hand, we require more analytic information in order to study the minimal 
Hodge cohomology TCX^{M, g, a), which is defined as the common nullspace of dmin,a and 
<5min,a- This terminology is slightly unfortunate, since is not related to the minimal 
de Rham cohomology HX^ discussed above, but rather corresponds to the nullspace of 
the minimal extension of Da. In any case, we prove the 
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Theorem: (§4.5, Theorem 8) Let M be a manifold with an incomplete edge 
The minimal weighted Hodge cohomology is given by 




Im 


Im 

{X,B) 


Tljk 

^^m+<a—l/2> 


JJjk 


{X,B 


metric, g. 

f odd 
f even. 


In particular, when a = 0, 

nX^{M,g,0) = Im[IHi{X,B) IHUx,B)). 


The proof requires two main analytic results: the conormal regularity of solutions 
in the minimal domain of the equation DaCO = 0 , and the solvability (and regularity 
theory for the solution) of DaQ = rj for suitable p. For these we invoke the theory of 
pseudodifferential edge operators, as developed in jlH]. The results from this theory 
which we require are reviewed in §4.1. 

Refering to that section for the following terminology, we note that the specific com¬ 
putations we must make in order to apply this more general theory are the calculation 
of the indicial roots of Da and the injectivity of the normal operator N{xDa) on suitable 
weighted spaces. As we show in §4.2.1, the calculation of indicial roots for Da on 
manifolds with edges is essentially identical to that on cones, and this partially explains 
the similarity of the results in the two cases. However, the extra role played by the model 
operator N{xDa), see §4.2.2 as well as Proposition 8 in §4.1, is not required in the conic 
case, but is the key fact needed in the parametrix construction in the edge calculus. 

We now turn to some applications and extensions of our results. The first is a Bochner- 
type vanishing result. Recall that the Weitzenbock formula for the Hodge Laplacian on 
A:-forms on M states that = V*V + Tlk, where TZk is a curvature operator, acting by 
endomorphisms on /\^ M. 

Theorem: Suppose that M admits an incomplete edge metric g such that TZk > 0 every¬ 
where, and is strictly positive at some point of M. Then the minimal Hodge cohomology 
Ti X^ {M,g) (at weight a = Q), and hence 

Im{IHlfX,B) ^ IH^{X,B)), 

both vanish. If in addition f is odd or else if f is even but H^'^l^F) = {0}, then we may 
also deduce that IH^{X, B) = IH^{X,B) = {0}. 

The proof is the usual one, and simply involves noting that when uj is in the nullspace 
of D mw . then the integration by parts 

{Xuj,uj) = llVwlP {TZkUJ,uj) 


is justified. 

We can extend this type of analysis significantly further. For example, the general¬ 
ization to second order natural geometric operators L is essentially straightforward. By 
definition, such an operator is one of the form L = V*V -|- TZ acting on sections of some 
subbundle E of the full tensor bundle over M, using the induced Levi-Civita connec¬ 
tion (though we may also twist by any other bundle with connection); the symmetric 
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endomorphism 7^ on i? is a generalized curvature operator. L is formally symmetric on 
LP‘{M; E), and we may ask the same questions about its domain, mapping properties and 
nullspace as we have for the Hodge Laplacian. The point we wish to make is that an¬ 
swers to these questions are readily deduced, and direct consequences of the edge theory, 
once one has calculated the indicial roots of L and determined the mapping properties 
of the normal operator N{x^L). Furthermore, the calculation of indicial roots for such 
an operator reduces directly to the analogous computation on the cone C{F) endowed 
with the metric dx^ + x^ti. The presence of an extra twisting bundle may change the 
arithmetic of the indicial root computation and the spaces on which the normal operator 
is injective, but makes no difference elsewise. We shall not develop these remarks fur¬ 
ther here, but shall return to them in greater detail elsewhere. (At that time we shall 
also give a more careful account of parametrices in the edge calculus for the Laplacian 
with relative and absolute boundary conditions.) There are many interesting geometric 
consequences of such results. In particular, the infinitesimal rigidity of hyperbolic cone 
metrics with smooth singular set, as proved in d in 3 dimensions and in the recent pa¬ 
per |22] (for deformations amongst Einstein metrics rather than just hyperbolic metrics) 
in dimensions greater than 3 is a direct consequence. See m for further discussion. 

Now consider a more topological application: When / = dimF is odd, the maximal 
and minimal cohomologies agree, as do the two middle perversities fir and m for X. 
Our results in this case, when a = 0, agree with those in j^j. In this special case, and 
assuming that n = 4£, there is a well-defined pairing on middle degree forms; Cheeger 
and Dai prove the corresponding signature theorem. We extend their result to cover also 
the case / even. Define the L^-signature as the signature of the degenerate pairing on 
TL‘^^i{M,g) induced from the map 

and the nondegenerate pairing between these spaces. Similarly, one can also define a 
topological signature a{M) as the signature of the degenerate pairing on Hq{M) defined 
through its map to H*{M) and the nondegenerate pairing between these spaces. Finally, 
recall the invariant t{Y) defined by Dai [7j for the total space of the fibration Y = dM 
B. 

Theorem: The -signature of the stratified Riemannian space X endowed with an 
incomplete edge metric g, is given by 

Lfi — sgn (M, g) = a{M) + r. 


Our final result concerns the Hodge cohomology of the manifold M endowed with a 
complete edge metric. By dehnition, and following the notation above, is a complete 
edge metric if near dM it has the form 

dx^ h 
9 = -2-^ 

The prototype would be the product of a hyperbolic space (or any conformally compact 
metric) and a compact manifold F. It is of interest, as a generalization of the main result 
of to calculate the Hodge cohomology for such manifolds. We obtain the 
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Theorem: (§5, Theorem 9)Let {M,g) be a manifold with a complete edge metric. Let X 
be the associated compact stratified space. Suppose that k is not of the form j + {b + l)/2 
where W{F) {0}. Then 

L^n^{M,g)^m)^,__^{X,B). 

In this case, the signature result is the same as above. In all other cases, where k 
does have this form, L‘^TL^{M,g) is infinite dimensional. 

In conclusion, let us remark that sorting out the detailed analysis of the Hodge 
Laplacian (and other natural geometric elliptic operators) for more general classes of 
stratified spaces, e.g. algebraic varieties, is a problem of great importance with many 
applications. Hodge theory on quite general real analytic manifolds is the subject of 
an ongoing project by D. Grieser and R. Melrose, using an approach closely related to 
(although more general than) the one used here. We appreciate their interest in and 
forebearance concerning the present paper. 

2 Hodge-de Rham theory for Hilbert complexes 

In this section we review some generalities about cohomology, based on the formalism 
of Hilbert complexes from |2], to which we refer in the interests of brevity for most of 
the proofs. 

Consider a complex of the form 

0 ^ Lo ^ Li ^ L2 ... Rn ^ 0, (3) 

where each Lj is a separable Hilbert space, Dj : Lj —> Lj+i is a closed operator with 
dense domain V{Di) such that ran(L)j) C V{DiJ^i) and Di+i o = 0 for all i. Under 
these conditions, is called a Hilbert complex, and is denoted by {L^,D^). 

Many familiar constructions in Hodge-de Rham theory carry over immediately to this 
setting, and we list in particular: 

i) There is a dual Hilbert complex 

DX D1 D*. 

0 ^ Lo ^ Li ^ La ... ^ Rn ^ 0 

defined using the Hilbert space adjoints of the differentials, D* : Lj+i —> Lp, 

ii) The Laplacian Aj = D*L)j -|-Dj_iL)*_^ is a self-adjoint operator on Lj with domain 

ViAi) = {u G V{Di) n : DiU G V{D*), D*_^u G P(A-i)} 

and nullspace 

ker Aj ;= 'H*(L*, L>*) = ker Di n ker D*_i; 
hi) There is a weak Kodaira decomposition 

Li=TC ® ranL)j_i © ranD*; 
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iv) The cohomology of is defined by 

= ker L)j/ranT)j_i; 

if this space is finite dimensional, then ranT)j_i is necessarily closed and 

The main case of interest here is when (M, g) is a (not necessarily complete) Rie- 
mannian manifold, Li = g) and Di is the exterior derivative operator. Later we 

shall also consider the somewhat more general case 

L, = e^^^L^n\M,g), 

where Wi £ C°^{M) is some weight function, but for the remainder of this section, to be 
concrete, we shall assume that Wi = 0 ; it will be clear that everything extends to the 
general case in a straightforward manner. 

To turn the ‘core’ de Rham complex (C^Q*{M),d) into a Hilbert complex, we must 
specify a closed extension of d, and there may be more than one way to do this. 

Definition 1. The two canonical closed extensions of d are: 

• The maximal extension dmax/ this is the operator d acting on the domain 

^?(dmax) = {uj £ L^Q*{M) :duj £ L‘^n*{M,g)} 

= {uj £ L‘^n*{M) :3r] £ L‘^n*{M,g) 

s.t {w,5C) = {r]X) VCeCo°°f)*(M)}. 

In other words, Vld m^X the largest set of forms co in if such that dw, computed 
distributionally, is also in L^. 

• The minimal extension d^mi this is given by the graph closure of d on 

i.e. 

V{dmm) = {oj£ L‘^n*{M) :3 u}j£ C^ 0 *(M), Wj ^ w in L^] 
and dcoj also converges to some g £ L^}, 

in which case dmin^^ = V- 

Maximal and minimal extensions of 5 are defined in the same manner. 

Clearly T’(dmin) T T>(dmax)- An old result due to Gaffney [SI shows that these domains 
are the same when (M, g) is complete, but in many other cases of interest (for example, 
on a manifold with boundary) they may differ. 

In order to show that (L^n*(M, ^r), dj^ax/min) both Hilbert complexes, we require 
the 


V{d„ 


P(d„ 


Lemma 1. 


Proof. The fact that (dmin)^ = 0 follows from the identity = 0 on while the 

fact that = 0 on test forms and the definition of distributional derivatives shows that 
(dmax)^ =0. □ 

The cohomologies of these complexes are denoted , g), respectively. Here 

and in the sequel we shall use notation like max/min in a hopefully self-explanatory 
manner to indicate statements which hold for each of the indicated extensions. 

It is straightforward that the Hilbert complex adjoint of ^r), dn^ax/min) is 

(Z/ H (Tf, O'), djniny'jnax)) i-6- 

(dmax) — <^min and (dmin) — <^max' 

There are three well-behaved weak Kodaira decompositions; 

L O') Zfg^jjs/rel/max^'^’d) ® *^max/min/min, j —1 © ^9*'^ ^min/max/min, j ) (4) 

with summands mutually orthogonal in each case. The first summand on the right, 
called the absolute, relative or maximal Hodge cohomology, respectively, is defined as 
the orthogonal complement of the other two summands. Since (ran dmax)"*" = ker dmin, 
etc., we see that 

^abs/rel/max^'^’^max/min/max, j H ker dmin/max/max, j — 1) (^) 

respectively. The third decomposition, incorporating both dmin and dmin, is the original 
one defined by Kodaira. The corresponding Hodge cohomology Zfmax is often infinite 
dimensional, though. We do not consider a fourth weak Kodaira decomposition involving 
the ranges of dmax and dmax, since these subspaces might not even be disjoint, let alone 
orthogonal. (This is due to the fact that dmin d ma x may not even be defined, let alone 
vanish.) Nonetheless we still define the minimal Hodge cohomology 

^min(^>5) = © (ran dmax,i-i + ran dmax, j) 

= ker dmin,i © ker dmin,j-i (6) 

= ker dmin,j/ (randmax,^ —1 ©ker dmin,j) • 

Note also that 

g) = HUM, g) © g) 

The operators dmin/max are both clearly quasi-isometry invariants, and the various 
Kodaira decompositions above then show that the minimal and maximal cohomologies 
H* !■ (M, g), and their ‘reduced’ versions, the absolute and relative Hodge cohomolo- 

max/mmk 5^/5 5 o 

gies Wabs/rei(-^’S')’ quasi-isometry invariants. This invariance is also true for the 

maximal and minimal Hodge cohomologies ^max/min 

There are quite a few ‘Laplacians’ one might consider, most prominent amongst which 
are the absolute and relative Laplacians 


^abs — ^min^max + d 

max^: 


max^min^ 


■^rel — ^max^min + d 

min^j 


min^max* 


and g) = ker Arei. 


These are self-adjoint and satisfy 

^ibs(^’d) = ker Aabs 
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(7) 



Furthermore, if g) is finite dimensional, then the range of dmax/minj-i is 

closed, and g) = Wabs/rei(^’S')- Consequently, these Hodge cohomology 

spaces may be computed using only tools from differential topology and general coho¬ 
mology, e.g. sheaf theory, Mayer-Vietoris, etc. 

One can also define 

^mM/Mm ^min/max^max/min “1“ ^min/max'^max/min- 

These are symmetric, but not necessarily self-adjoint, invariant under the Hodge star, 
and satisfy 

^max/min(^’5) = ker 

Note that 

7i l,^„ {M,g) = ker dmin O ker (5min, 

so this is consistent with our prior definition of 

We conclude this section by stating two more results, both true in the general Hilbert 
complex setting, but for simplicity we restrict to the setting of differential forms. The 
first concerns a Kiinneth-type theorem. 

Proposition 1 (|5| Corollary 2.15). Let {L',D') and {L"D") be two Hilbert complexes. 
Form the completed tensor product Hilbert complex {L,D): 

Lj = ^ L • (g) L", 
i+e=j 

Dj = 0 (^' ® *4" + ® m)- 

i+£=j 

Suppose that D" has closed range in all degrees. Then 

W{L,D) = 0 H\L',D')®H^{L"D''). 

i+e=j 


The other result concerns the possibility of computing one of these cohomology groups 
using a ‘core subcomplex’ of smooth (but not necessarily compactly supported) forms 

^max/min^*(M,<7)CL^F!*(M,4 

consisting of all elements u which are in the domain of for every I > 0. 

Proposition 2 m Theorem 2.12). The cohomology g) is equal to the 

cohomology of the complex (^°°f^max/min(^’S'), ^max/min) * 

For example, when (M, g) is compact without boundary, this is simply the well-known 
result that H*{M) can be computed using the complex of smooth forms. When {M,g) is 
compact with boundary, then as discussed carefully in 12]> ^max/min(^> d) is equal to the 
cohomology of the complex of smooth forms continuous to the boundary which satisfy 
absolute/relative boundary conditions. 
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3 De Rham theory and edges 


The context in which we shall adapt and develop the material from the last section is 
the category of manifolds with edge singularities. After defining these we briefly review 
the intersection cohomology theory for such spaces, and then turn to an analysis of the 
maximal and minimal cohomologies of the Hilbert complexes of weighted forms, and in 
particular the identification of different weighted de Rham cohomologies with intersection 
cohomologies with different perversities. 

3.1 Manifolds with edge singularities 

We now begin to develop some of the ideas in the last section in the concrete setting of 
manifolds with conic or edge singularities. 

Definition 2. A pseudomanifold X of dimension n has simple edge singularities if it has 
a dense open stratum M, which is a smooth manifold of top dimension, and the singular 
strata Aging = X \ M are a disjoint union of closed smooth manifolds Bj (of possibly 
varying dimension) such that each Bj has a neighbourhood Uj which is diffeomorphic to 
a bundle with base Bj and fibre a truncated cone Ci{Fj) over a smooth link Fj. 

The boundary dUj of each cone bundle neighbourhood Uj is the total space of a 
bundle over Bj with fibre Fj. There are more complicated singular spaces with iterated 
edge singularities, which is why we call this class ‘simple’. However, for brevity, in this 
paper we shall refer to a space of this type as a manifold with edge singularities. Note 
that this class includes the case of manifolds with conic singularities, i.e. where some Bj 
are 0-dimensional. 

Definition 3. A metric g on a space X with simple edge singularities is said to be if 
incomplete edge type if it is an ordinary smooth metric away from the singular strata Bj, 
while in each cone bundle neighbourhood Uj it is quasi-isometric to one of the form 

g = dx^ + 'K*jh + x‘^k; 

here x is the polar distance on each cone Ci{Fj), k is a symmetric 2-tensor on dUj which 
restricts to a metric on each fibre Fj, Tij : Uj —> Bj is the projection, and h is a metric 
on Bj. 

A metric g on the principal stratum M of such a space X is of complete edge type if 
in each Uj it has the form 

dx'^ + vr* /i 

g = - 

where x, k, TTj and h are as above. We often drop the n) in this notation and shall also 
frequently write g{x) = h -\- x'^k. 

We next recall some analytic and geometric properties of Riemannian submersions 
from m and discuss their relevance to de Rham theory for edge metrics. 

Let (j) : Y —> R be a fibration with fibre F, and suppose that it is endowed with 
a metric g of the form 4>*{h) + k, where h is a metric on B. We assume furthermore 
that cj) : iY,g) —> {B,h) is a Riemannian submersion. The tangent bundle TY splits 
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into a vertical and horizontal subbundle, T^Y © T^Y, where T^Y = ker {d(j)) and 
T^Y is its orthogonal complement (and also the subbundle annihilated by k). This 
induces a splitting of the form bundles on Y, and thus every differential form has a 
(horizontal,vertical) bidegree, i.e. 

QP’'?(y) = np{B)^n\Y,T^Y). 

The space of harmonic forms on F is finite dimensional, and we let 

Ul:L^n‘i{F) — >L^n^{F), U± = I-Uo 

denote the natural orthogonal projectors; these extend naturally to each Lp'^P’^iY). 

Proposition 3. The differential and codifferential on Y decompose as 

dy = dF + dB-ll + R, 5y = 6f + {dsY - + R*, 

where dF is the pullback of d to the fibre, ds is the lift of ds as a horizontal operator, 
and n and R are tensorial operators built from the second fundamental form of the fibres 
and the curvature of the bundle, respectively. These act as 

dF ■■ fiP’ffY) fiP’9+i(y), ds : nP'ffY) np+^’ffY) 

n : QPffY) fiP+b9(y), R ; QP’ffY) QP+^’i-^{Y). 


Now consider the degenerating family of metrics gx = h + (0 < a: < 1). If a is a 

{p, g)-form, then 

Furthermore, as explained in |13j . d^ = ds, ly = II and = xR] the x in the 
superscript signifies that the operator is to be calculated relative to the metric g{x), and 
the operator without a superscript is calculated relative to giff). Hence 

d^ = dF + dB-ll + a:R, = 5f + (ds)* - IF + xR*. 

We can define the operator 


d = Ro{dB — Il)no; 

this acts on the space of fibre-harmonic forms, or equivalently, we can think of this as 
acting on the space of forms on B with coefficients in the flat vector bundle of harmonic 
forms on F that comes from the fibre bundle Y. In m we proved the following useful 
lemmas: 

Lemma 2. The operator D and its adjoint h* are differentials, i.e. = (D*)^ = 0. 

Corollary 1. Let B = 0 + D*, and suppose that Bo = 0 for some fibre-harmonic form 
a. Then Da = 0*0 = 0, and so the terms ap^q of pure bidegree also satisfy Bop^g = 0. 
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3.2 Intersection cohomology 

Let X be a pseudomanifold which is a smoothly stratified space of real dimension n, with 
no codimension one stratum. For this subsection only, we allow X to be more singular 
than was considered earlier in this paper; namely, around any point q & X contained 
in the stratum Xi of codimension is a neighbourhood Uq diffeomorphic to V x C'(S), 
where V is a Euclidean ball and C'(S) is the cone over a link S, which itself is a stratified 
space (of dimension I — 1). 

A perversity p is an n-tuple of natural numbers, (p(l),p(2 ),... ,p{n)) satisfying p(l) = 
p{2) = 0 and p{£ — 1) < p{i) < p{i — 1) + 1 for all £ < n. Associated to such a space 
X and perversity p is the intersection complex /C*(A); roughly speaking, the integer 
p{i) regulates the dimension of the intersection of chains (in general position) with the 
stratum of codimension i. The homology of this complex is the intersection homology 
IH^{X); the cohomology of the dual cochain complex is the intersection cohomology 

ih;{x). 

The following result, which asserts that the cohomology of any fine sheaf over X is 
equal to the intersection cohomology of X (with respect to some perversity p, so long as 
the local sheaf cohomology in any sufficiently small neighbourhood equals the intersection 
cohomology of that neighbourhood. 

Proposition 4 1 [12| L Let X be a stratified space and let {C*,d) be a complex of fine 
sheaves on X with cohomology H*{X,C). Suppose that if U is a neighbourhood in the 
principal (smooth) stratum of X, then H*{U,C) = H*{U,<C), while if q lies in a stratum 
of codimension I, and U = V x C'(S) as above, then 




k<£-2-p{£) 
0 k>i-l-p{£). 


( 8 ) 


Then there is a natural isomorphism between the hypercohomology ]H*(X, £*) associated 
to this complex of sheaves and IH*{X), the intersection cohomology of perversity p. 

The details and proof of this theorem can be found in and PP . We refer to equation 
(|H| by saying that £ satishes the correct local calculation for intersection cohomology with 
perversity p. This result will be one of our primary tools below. 

On any pseudomanifold X, there are two distinguished perversity functions: m the 
lower middle, and m the upper middle perversity. When all strata of X are even dimen¬ 
sional, the two corresponding intersection cohomologies are the same and satisfy Poincare 
duality. When not all the strata are all even dimensional, then IHm{X) IHraiX) in 
general, but these two cohomologies are Poincare dual to one another. 

In the case of an n-dimensional manifold with edge singularities, there is only one 
relevant value for the perversity function p in the neighborhood of any of the components 
of the singular stratum, namely, its value on the codimension of that stratum, = B. 

If the fibre F for this stratum has dimension / then this codimension is /-|-1. If / is odd, 
then the upper and the lower middle perversities satisfy m(/-|-l) =m(/-|-l) = (/—1)/2. If 
/ is even, then m(/-|-l) = //2 and m(/-|-l) = //2 —1. We extend the standard definition 
of perversity and intersection cohomology in this situation to include perversities with 
p < 0 and p > /. We see from the local calculation above that these perversities give 
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cohomologies 


B) ^ H*{X, p(/ + 1) > / 

Zffp*(X, B) ^ H*lx - p{f + 1) < 0. 

When we extend the definition this way, we retain the Poincare duality property of 
intersection cohomology: 

but we lose the property that the intersection cohomology groups are independent of 
stratification, which was the original reason for restricting the values of the perversity 
function. Since there is a natural stratification in the case of manifolds with edge singu¬ 
larities, this does not cause us trouble here. 

3.3 Mciximal and minimal domains for weighted complexes 

From now on, we assume that X is a space with simple edge singularities and 5 is a 
metric on it which is of incomplete edge type. Let us fix a smooth function x on the 
principal stratum M which equals the polar distance function in a neighbourhood Uj of 
each singular stratum Bj. 

For any a G M, consider the complex of weighted forms 

0 ^ x^L‘^n^{M,g) ^ ... ^ x^L^n^{M,g) 0 . 

As already explained in §2, there are (at least) two ways to turn this into a Hilbert 
complex, using either the maximal or minimal extensions of d. The corresponding com¬ 
plexes, 5 ), min,a) Called the maximal and minimal weighted coho¬ 

mologies (with weight a), respectively, and have cohomologies and spaces of harmonic 
forms and Note that the formal adjoint of d with 

respect to the inner product has a term of order 0 depending on a. 

It will be possible to simplify many of the calculations in the computations of these 
spaces below by applying Proposition!^ As we show later, it will ultimately suffice to 
consider forms which are ‘tangentially regular’ or conormal, as we now define. Let M 
be a compact manifold with boundary. The space Vf,(M) of 6 -vector fields on M is, by 
definition, the space of all smooth vector fields which are constrained at dM to be tangent 
to the boundary. Thus, in any local coordinate system (x, y) , where x is a boundary 
defining function and ?/ is a local coordinate system on the boundary, Vb is generated 
over by the basis sections xdx, dy.. 

Definition 4. Let 7 G M. The space of conormal functions on M of (L°°) order 7, 
A'fM), is defined as 

{u:Vi---Viu£ x^L“(M) and Vj G Vb} . 

We write = Ue>oVl'^^'^(M) and A*{M) = UyA'^{M). If E is any smooth vector 

bundle over M, then A^{M] E) is defined using any system of smooth trivializations of E; 
in particular, the space of differential forms conormal of weight 7 is denoted A'^Ll*{M). 

Note in particular that if ti G A'^{M;E), then \u\ = 0{x'^) along with all its 6 
derivatives, and is in the interior of M. In the following, we frequently make use 
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of the fact that if u G A*{M;E) and J \u\‘^dxdy < oo (with respect to any smooth 
nonsingular Hermitian metric on E), then |n| = o{\x\~^^~^^'^/‘^) uniformly in y G dM as 
a: —> 0. The proof is elementary and left to the reader. 

We remark that V{dm\n,a)^A*^* is dense in Pfd min a), and similarly V{dra&^,a)^A*^* 
is dense in T)[draa.x,a)- The former of these is immediate from the definition, while the 
latter follows (in the cone or edge setting) using standard mollification arguments. 

Let us now consider the problem of when 'D(dmax,a) equals V{drain,a) on the truncated 
cone Ci{F), with exact warped product conic metric g = dx'^ + x'^n. This is already 
contained in Cheeger [3] (when a = 0), but we present this argument to make it accessible 
for later generalization. By the remark above, it suffices to consider only conormal forms, 
and this simplifies the discussion somewhat. 

Lemma 3. The form uj = a + dx/\f5^ 'D(d ra »rr, a) H A*{d^{Ci{E)) lies in 'D{dmin,a) H 
A*^^{Ci{F)) if and only if\IlQa{x)\g = o{x~^) (or equivalently, |nQa(x)|K = o{l)) when 
k G ((/ — l)/2 — o, (/ + l)/2 — a). In particular, if k is in this range, and i/ G 'H^{F) 
and cr{x) G then a{x)^ G T’(dmin,a) if cind only if a{x) = o(l). 

Before commencing with the proof, we state the immediate and important conse¬ 
quence. 


Corollary 2. Suppose either that the interval ((/ — l)/2 — a, (/ + l)/2 — a) contains no 
integer value, or else that ka G ((/ — l)/2 — a, (/ + l)/2 — a) and Ti^°^{F) = {0}. Then 
the extensions dmax,a and dmin,a coincide. 


Proof. Following the definitions, to show that the minimal and maximal domains are 
equal it suffices to show that for any conormal forms uj G T){dmax,a) and fj G T){dmax,a)-, 
with -0 vanishing near x = 1, we have {doj, ijj)a = {co, daip)a] in other words, we must show 
that when k G ((/ — l)/2 — a, (/ -|- l)/2 — a)), the boundary term in the integration by 
parts vanishes if and only if |ngQ!(x)|K = o(l). 

Define by V’ A >t=aV’ = \'4’\‘^x~‘^°‘dVg. Then *-a*a = if (depending on the parity of 
the degree), and we find that 6a = ± *-a d*a and in addition, if V’ G x“L^D*(C'i(T), y), 
then *a'if G x““L^D*(C'i(T),y). 

Now 


{dio, ljj)a = J dw A *a'tp = J d{uj A *aV’) ~ J ^ ^ *a 6 al(, 


and so, writing *a'if = t + dx A p, integrating by parts produces the boundary term 


/Ci(F) 


d{uj A *aV’) = lini 


J{x}xF 


a At. 


Hence uo G T){dmia,a) if and only if this boundary term vanishes for all if. 
Next, the weighted conditions 


J\a\lxf-^^-^^ + | t |2 ^ 


(9) 


and conormality yield 

|a(x)U = 0(x^-^/2+a-l/2)^ ^ 
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but this gives only that is o{x ^), which is not enough. 

To proceed further, use the Hodge decomposition on F 

a{x) = dFAi{x) + 5 fA2{x) + ao{x) 
t{x) = dFBi{x) + 6fB2{x) + To{x). 

Inserting these expressions into ©, many terms vanish and we are left with 


( 10 ) 


lirn Ai{x) A 6FdFBi{x) + j dFdFA 2 {x) A B 2 {x) + J 00 ( 2 :) A ro(x)y (11) 


Since Hi,Hi _L ker di;’, we can estimate ||Hi(x)||i;^ 2 (-^) < c|jal||Hi(x)||i;^ 2 (i;') < 

I|r|| i;^2(i 7’); in addition, dFa{x) = dFdFA 2 {x) G dFT{x) = di7’(5i?H2(x) G 

. Hence the first two terms here are o(l), and it remains only to analyze 

the third. 

Now decompose ao{x) = and *fTo{x) = X)tj(x)(/>j, where {<pj} is an 

orthonormal basis for 7{^{F), and where each aj{x) and tj{x) is conormal on [0,1]. The 
boundary integral now reduces to the finite sum aj{x)tj{x), and we must show that 
each aj{x)tj{x) = o(l). However, 

f (a^(x) + (o'(x))^) dx < 00 , f (f|(x) + (f' (x))^) dx < 00 , 

do do 

and these imply that aj(x), a'-(x) = o{xP), p = k — f /2 + a — l/2, and fj(x), f' (x) = o{x^), 
q = {f — k) — f j2 — a — lf2. The improvement comes by writing aj, tj as integrals of a', 
tj, respectively, where the other limit of integration is taken at 0 or 1 depending on p or 
q; this gives 


o(x^+^) p < —1 

o(log x) p = —I 

aj{0) + o(x^+^) —1 < p < 0 

o(xP+^) p > 0 


tj{x) 


o{x‘^~^^) q < —1 

o(logx) d = -l 

tj{0) + o(x'?+^) q = —1 

o(x'^+^) q>0 


(In particular, 0^(0), tj{0) exist when p,q G (—1,0).) Hence, if either p ^ [—1,0) 01 q ^ 
[—1,0), we get aj{x)tj{x) = o(l). Ifp = —1 then q = 0 and we reach the same conclusion. 
If both —1 < p, g < 0, which occurs precisely when k G ((/ — l)/2 — a, (/ + l)/2 — a), 
then we obtain a well-defined, but not necessarily vanishing, boundary term ao A tq. 
This completes the proof. □ 


We wish to extend this result to incomplete edge metrics. Using the quasi-isometry 
invariance and localizability (proved in §3.4 below) of the maximal and minimal domains, 
it suffices to consider forms on V x Ci(F), V C M^, with warped product metric dx^ -|- 
h + x^fc = dx^ -|- p(x), and we may as well assume that h is the Euclidean metric too. 
As before, Hq denotes the orthogonal projection onto fibre-harmonic forms, and we let 
y = V X F. 


Lemma 4. Let oj = a(x) -|- dx A /3(x), where 

a{x) = ^ a*,fc(x), /3(x) = ^ /?*,fe(x) 

k k 
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are the decompositions into fibre degree. Then u £ 'D{dram,a) H if oj £ 'T>{draax,a) H A* 
and |no(a*^fc(x))|g(a.) = o{x~^) whenever k £ ((/ — l)/2 — a, (/ + l)/2 — a). In particular, 
if rj £ is fibre harmonic and s{x) is conormal, then s{x)rj £ V{dram,a) if o.nd 

only if s{x) = o(l). 

Proof. Following the same proof as above, the form uj = a + dxAP£ F>(dmax,a) H A* is 
also in V{dm\n,a) if and only if, for every 7 G F>(5max,a) H A* with *7 = ^ + dx A i/, the 
boundary term 

/ do; A *7 — / cu A (57 = lim / a{x)/\I{x) 

Jm Jm 

vanishes. Decomposing into fibre degree, the boundary term becomes: 



ak{x) A if-k{x). 


We have 

so \ak A^f-k\g[x) = only at this stage. Continuing as before, we can reduce to the 

case where each ak and f,f-k are fibre-harmonic, and write 

(afc)o = '^aj{x,y)(f>j, {^f-k)o = '^tj{x,y)(j)j 

where aj,tj £ A*. In order to improve the order of vanishing of aj and tj as before, we 
observe that, for example, assuming each ak is fibre-harmonic, then 

u;,duj £ x“L2 ^ J {\ak\^ -h |/3fcP -h \dxak - dyfik?) (ix (ilA(i) < 00 . 

However, conormality already gives that 

J |(ij^/ 3 fcpx-^“^^“^“(ix(iIA(i) <00, 


and so we conclude that 


J | 9 xQ;fcpx-^ ^“dxdV^(i) <00. 

A similar argument applies to The rest of the proof is now the same as in the conic 
case. □ 

Corollary 3. Suppose that either ((/ -|- l)/2 — a, (/ — l)/2 — a) n N = 0 or else if 
Qa G ((/ + l)/2 — a, (/ — l)/2 — a) n N then = {0}. (This is true in particular 

when a = 0 either when b is even, or else when b is odd but = {0}.J Then 

'T{dmax,a) = T>(dmin,a), and hcncc = HF^{M,g,a) = n*{M,g,a) in every 

degree. 
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3.4 Preparations for the Poincare lemma 

We now prove several preliminary results which will be used in the computation of 
weighted de Rham cohomology on manifolds with edge singularities. Our arguments 
closely follow those in but with simplifications since by Propositions ^ and |2l it suf¬ 
fices to work only with conormal forms. 

To begin, define two complexes of sheaves, Tjnax/min,a; these are induced by the 
presheaves obtained by restricting the forms in P(dmax/min,a) to the cofinal sequence of 
coverings of X of the form {Ua}, where each is either disjoint from all of the singular 
strata Bj or else, if Ua H Bj / 0, then Ua is a product neighbourhood Vo x Ce{Fj)-, here 
Vo C Bj and Ce{Fj) is the truncation to x < e of the cone C{Fj). 

Lemma 5. The sheaves in each of the two complexes Tmax/min.a over X are fine. 

Proof. We dehne a partition of unity {xa} subordinate to {Ua} in such a way that 
each dxa is bounded. Indeed, away from the singular strata this is obvious, whereas if 
Ua = V X Ce{F) then we can let Xa be a product of cutoff functions in each factor. It 
is now standard that if a; G P(dmax/min,a)! then Xa^J G P(dmax/min,a) well. This gives 
the result. □ 

Now form the associated spectral sequence for either of the double deRham/Cech 
complexes T max / min a- Its hyper cohomology may be computed taking either the Cech or 
the de Rham differential first. In the former case, at the first stage this becomes the 
standard definition of H* , . (M, q, a): for the latter case, however, we must calculate 
the weighted de Rham cohomology of each neighbourhood Ua, which is the main goal of 
this section. We shall see that these are the same as the local intersection cohomology 
with respect to a certain perversity function p depending on a, and this will prove the 
equality of weighted de Rham and intersection cohomologies. 

By a slight abuse of notation, we denote the local cohomology of these sheaves by 
'^max/min(^«’S’’®)’ respectively. liUa is disjoint from all singular strata, then 

H^(Ua , -^max/min,a 

Neither the weight function x“ nor the metric g play a role. On the other hand, first 
note that 


f M J = 0 

jo j > 0. 


(■^max/minjaCl^ ^ (P))) ^max/min,a) — (P ^ (V), (imax)®(P P (Cl(P) j 5W)) ^max/min,a)• 

Furthermore, dimFf'’(V) < oo so the range of dmax on L^O*(V) is closed. Hence by 
Proposition n and quasi-isometry invariance, 

0 H'{V) ® W^,„J.CdF),dx^ + A, a) 

e=o 

/ ■ (Ci(F),dx‘^ + x‘^K,a). 

We have now reduced the computation of weighted de Rham cohomology on X to 
that of the truncated cone. For the next step we use the following regularity result 


/ ■ 

max/mm 


iVxCi{F),g,a) = 
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Lemma 6. 


n®Kb./„l.“)C^-S!*(C,(F)). 

i=l 

Proof. The proof relies on the mapping properties of a parametrix for A^bs/reta! this 
parametrix is an element G G the calculus of 6-pseudodifferential op¬ 

erators on M, such that GA = I — R for some residual element R which satisfies 
R : L^Q.* —> (Both G and R depend on a and the choice of extension.) Sup¬ 

pose that u G T>(Amax,a), so in particular u,Au G x°'L?‘Pt*. Then u = Gf + Ru, hence 
u G -|- A*. Induction on i gives the result. We refer to m and m for more 

details. □ 

Now we prove three lemmas taken from |1]. In the following, g = dx'^ + x‘^k on Gi{F). 

Proposition 5. Let r : Gi{F) \ {0} F be the canonical retraction map. Then 

r* : L^Pl^iF) n ker d —^ P(dmax,a) n 

is well-defined and bounded if and only if k < — a. 

Proof. Let a G L‘^Ll^{F); then 

and this is finite if and only if A; < — a. Since dr*a = r*da = 0, the image of r* lies 

in T>(dmax,a)- □ 

Proposition 6. There exists a K > 0 such that for any u = a + dx f\f5 & x°'L?‘Qfi{C{F)) 
there exists some c G (1/2,1) for which 


Proof. If not, then for any > 0, there exists some (nontrivial) u> G x“L^n^(C'i(T)) 
such that A^lli^l< I|q^( 3;)Ifor all x G (1/2,1). However, if this is the 
case, then for this to, 

> ^\\^\\l'^L^{Ci{F)) ^“dx. 

This is a contradiction when N is large. □ 
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Proposition 7. If k < — a, then for any c G (1/2,1), the map 

x‘^L‘^n^{Ci{F)) 3uj = a + dxAP —^ Kdco) = (3{s) ds G x^L‘^n’'-\Ci{F)) 

is bounded. 

Proof. First, 


\\^cmlal2(^CliF)) — 



/ X 

(3{s) ds 


Next, for any real number 6 , 


< 


r 


Jc 

ds |/l(s)| 


< 


2 2b 




ds I = 


^/_2fc+2-2a 


s ^\s^/3{s)\i.,ds 


( 12 ) 


ds = 


- 1=26 —Ic ds b^l/2 

{log{x) - logic)) fif \P{s)\ls‘^^ ds b = 1 / 2 . 


Setting 2b = f — 2k + 2 — 2a and using this in m gives 

I|-^cW|Ix“L2(C'^(J7’)) 


U x-c(a./c)/-2'=+2-2. |^^^^|2^;-2fc+2-2a ^y^ k ^ - 


< 


fi x — c\x/c 

Jo !-(/- 


(/-2fc+2-2a) 


fg x(ln(x) — ln(c)) fif |/3(s)|^sl ds dV^ dr k = 


- /+i 


— a 


< 


' rl X—c{xlc)f 2fc+2 2a 

, Jo l-(f- 2 k+ 2 - 2 a) 


\x<^L'^{Ci{F)) 


Jo x(ln(x) - ln(c)) dx) \ \IJ\\laL2i^cpF)) 


k 7 I JJJ- — a 
k = JJJ- — a. 


Since c is bounded away from 0, both of these coefficients on the right are uniformly 


bounded when k < — a. 


□ 


3.5 Poincare lemma 

We now compute the weighted cohomologies of the truncated cone. 


Lemma 7. 


and 


HL^iCiiF),g,a) 

HiMiF),g,a) 


H^iF) 

k < if + l)/2 — a 

0 

k>if + l)/2-a, 

H^iF) 

k<if- l )/2 - a 

0 

k> if - l )/2 - a. 
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Proof. By LemmaEl we may work exclusively with conormal forms. First let k < ^^ — a. 
We wish to define a map 




and show that it is an isomorphism. Let [cu] G H^g_^{Ci{F), g,a), and choose a conormal 
representative a; = a + dxA/3G F’(dmax, 9-, o). For any c G (1/2,1), set = [a(c)]. 

To check that R is defined independently of all choices, first note that doj = dpa + 
dx A (o' — dpP) = 0, so dFOi{c) = 0 for any c. Next, if w = d + dx A /3 is another conormal 
representative of [w], then there exists g = fj, + dxAi'€ x°'L‘^Q^~^{Ci{F)) n A* with 
oj = uj + dg. This implies in particular that q;(c) = a{c) + dpgic), so [q!(c)] = [ci(c)]. 
Similarly, f3{s) ds G and hence a' = dpfd implies that 

d J P{s) ds = 

thus [a(c)] = [a(c')]. 

R is certainly linear; it is bounded by Proposition [Bland surjective by Proposition O 
so we must only show that it is injective. Suppose L 0 = a + dxA(5GA* and d?([Q:]) = [0]. 
Then a{c) = dpg for some g G C°°Q^~^{F). By Proposition |SJ r*g G 'D{dm!ai,g,a), while 
Proposition 13 gives that I3{s) ds ^ x°‘Lp‘Qf~^{Ci{F)) A*. Thus 


/ c' pc' 

dFfd{s)ds= / a'{s) ds = a{c!) — a{c)] 


d 



/ X 

di?/3(s) ds 


/ X 

a'{s) ds = u). 

Since cu G x“L^f2^(C'i(F)), this implies that g + P{s)ds G T’(dmax) 9) a), hence u) is 
exact in the maximal complex, i.e. [cu] = [0], as desired. 

We next show that when k > — a, any [w] G H^^.^{Ci{F),g,a) is trivial. Thus, 

for any representative a; = a + dxA/3G T>(dmax) 9-, a) H we must find a {k — l)-form 
g G T^(dmax) 9, o) n.A* with cu = dmax,a??- Assume |u;|k = O(x^) for some p. The condition 
Jq dxdV^ < oo gives that p > a + k — Furthermore, by assumption, 

a + k — > —1, so Ko{u!) = P{s)ds is defined. Using |/3 (s)|k = we deduce 

that the integral 


(F)) 



^f_2k+2-2a 


K 


is finite. Now, a G .A* n x°‘L‘^Qf{Ci{F)), so [al^ = 0(x'^) where 2q + f — 2k — 2a > —1, 
i.e. g > 0, so 

d{KQ{oj)) = dx A (3{x) + / a'{s) ds = uj{x), 

do 

as desired. We have now shown that Kq{uj) G V^dmax, g,a) and hence [w] = 0 in 
-^max(C*i(T), g, a). This completes the computation of F[^^^{Ci{F), g,a). 

The computation of H A^ {Ci{F),g, a) proceeds identically when k < {f — l)/2 — a or 
k > (/ + 3)/2 — a, but the remaining cases are treated slightly differently. 


21 




Claim 1. If k ^ ((/ — l)/2 — a, (/ + l)/2) — a) and a; = a + dxA/3G x“-L^n^(C'i(F)) n 
II{dmm,a) H A* is closed, then oj = dr] for some rj G V{dadn,a) H As a consequence, 
Hi,^{Ci{F),g,a)=Q. 

Proof. As above, a' = dpfd, so if c,c' G (0,1), 

/ c' pc' 

a'(s) ds = Hodp J P{x)dx = 0. 

Since uj G no(ct(3;)) = o(l), so no(a(x)) = 0 for all x. This gives that 

/ X 

P{s) ds = dx A P + a{x) — a(c) = uj — a(c) = uj — n_i_a(c) = a — d{r*r]) 

for some 7/G n T’(h). Thus a = (i(T/+ uj{s) ds). 

As for its domain, it suffices by Lemma 01 to show that t] + P{s)ds G 'D{dma^,a) 
since k — 1 < (/ —1)/2 —a. But on the one hand, d{r]+P{s) ds) = uj £ x“L^n^(C'i(F)); 
furthermore, {rj + uj{s) ds) G Lp‘Il^~^{C{F),g,a) since r*g G again 

because k — I < (/ + l)/2 — a, and P = = o{xP) for some p > —1, so 

Sc Pi^)ds G This proves the claim. □ 

Claim 2. The map H^^jpJi{F),g,a) H^{F) is injective when k G ((/ + l)/2 —a, (/ + 

3)/2 - a); hence, for k in this range, H^^^{Ci{F),g,a) = Hf.,^,^{C{F), g,a) = 0. 

Proof. If UJ = a + dx A P £ A* represents a class in H f^-,^ {Ci{F),g, a), then we already 
know that uj = dp for some p £ 'D{dma.^,a) H So we must show that we can arrange 
for p to lie in T’((imin,a) as well. Since k — 1 £ ((/ — l)/2 + a, (/ + l)/2 — a), P{x) = o{xP) 
for some u > —1, and so 

/■O 

IIo J P{s)ds 

is dehned. We can choose C which solves a{c) = dpC by specifying that no(C) = 

—IIo Jc Pi^)ds- Now let p = C + fo P(s)ds. As before, p £ A* and dp = uj. Fur¬ 
thermore, no(7/(0)) = 0 and 9a;(IIo(77)) = no(/?(x)) = = o{xP) for 

p > —1, so no(??) = o(l). This means that p £ T’(dmin,a)- □ 

□ 


This completes the calculation of the local cohomology for the sheaves Tmax/min,a on 
X. By Proposition |11 we now obtain one of our main results: 

Theorem 4. If (M, g) is a manifold with an incomplete edge metric and X is the asso¬ 
ciated stratified space, then 






JTJ* 


{X,B) 


f odd 
f even 


and 


HF,{M,g,a) 


IK+<a-l/2>(X,B) 


f odd 
f even ’ 


here <C t ^ denotes the least integer strictly greater than t and < t > denotes the least 
integer greater than or equal to t. 
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There are two important special cases which we single out: 

Corollary 5. The maximal and minimal de Rham cohomologies at weight zero correspond 
to upper and lower middle perversity intersection cohomology. 


H*^,,{M,g,0) = IH±{X) 


Moreover, when f is even, the maximal and minimal de Rham cohomologies at weights 
±1/2 coincide, and again correspond to upper and lower middle perversity intersection 
cohomology. 


= mUX) 

= IHUX). 


From §2, these weighted de Rham cohomology spaces are identified with the nullspaces 
of the associated (absolute and relative) Laplacians, and we conclude that the nullspaces 
of Aabs/rei,a a.re (finite dimensional and) identified with particular intersection cohomol¬ 
ogy spaces. Note that we are not asserting anything about the nullspaces of the ‘ordinary’ 
Laplacians Aabs/rei,o f^e weighted spaces indeed, these nullspaces are either 

infinite dimensional when a <C 0 or vanish identically when a S> 0, cf. |18j . 

4 Elliptic edge operators and minimal Hodge cohomology 

To proceed further in the study of these weighted de Rham complexes, we must use 
elliptic methods. More specifically, we still wish to study the question of when there is 
a unique closed extension for d on x°‘L‘^VL*{M) for incomplete edge metrics, and we also 
wish to compute the minimal Hodge cohomology. We shall study both of these questions 
using the formally symmetric operator Da = d + 5a on x“L^H*(M). The proper context 
for this analysis is the calculus of pseudodifferential edge operators, and in the next 
subsection we review the generalities of this theory. After that we show how it applies 
to the specific problems at hand. 

4.1 Edge operators 

We now review the general theory of elliptic edge operators. This is the correct context 
to study Da for an incomplete edge metric (and also the corresponding operator for a 
complete edge metric). This theory is developed fully in CHI, and we refer there for more 
details 

Fix a local coordinate system (yi,..., yi,) on B and {zi,..., Zf) on F, so that w = 
(x, y, z) is a local coordinate system in some neighbourhood of a singular stratum in X. 
By including the hypersurface {x = 0}, we are blowing up R in A; the resulting manifold 
with boundary is denoted M and its interior is denoted M. 

A differential operator L on M is called an edge operator of order m if it can be 
expressed in the form 


X] aj^aix,y,z){xdxy{xdy)'^d^, (15) 

j+|a| + |/3|<m 
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where the (scalar or matrix-valued) coefficients are bounded. We shall assume that these 
coefficients are smooth in these variables, down to x = 0. For example, if o' is a complete 
edge metric, then the scalar or Hodge Laplacian is an operator of this type; similarly, 
if g is an incomplete edge metric, then its Laplacian is of the form x~‘^L, where L is an 
edge operator of order 2. 

4.1.1 Ellipticity and model operators 

There is a well-defined symbol in this setting; 

a{L){x,y,z;C,ri,C) ■= aj^a(x,y, z) 

j+\a\ + \P\=m 

and we say that L is elliptic in the edge calculus provided a{L){x, y, z; r/, () is invertible 
when (C,T?,C) / 0. 

Ellipticity alone does not guarantee that L is Fredholm between appropriate function 
spaces; one must also require that certain model operators for L also be invertible. There 
are two such operators; 

• The normal operator of L is defined by 

N{L):= ^ aj^a,p{^,y,z){sdsy{sdu)°'d^ (s, u) G M+x #; 

j+\a\ + \p\<m 

here y ^ B enters only parametrically and the operator acts on functions on x 
X F. This operator can be regarded as L with its coefficients frozen (in an 
appropriate sense) at x = 0, acting on functions (or sections of an appropriate 
bundle) on the space R+ x R() x 

• The indicial operator of L is defined by 

IiL)-= aj^o^y{0,y,z){sdsyd^. 

j+|/3|<m 

For example, the normal and indicial operators associated to the scalar Laplacian for 
the complete edge metric x~‘^{dx‘^ + h) + k are 

N{Ag) = s'^ d'^ + {I - b) sds + s^Au + A^, li^g) = dl + {I - b) s dg + A^. 

The indicial operator captures some fundamental invariants associated to L; 

Definition 5. The number 7 G C is said to he an indicial root of L at yo G B if there 
exists a function v{z) on F such that (in local coordinates where yo corresponds to y = 0) 

I{L)yo{s^v{z)) = { Y ai,o,/3(0,0,2;)(sd5)M s'^u(z) = C>(s^+^). 

\jr + |/3|<m / 


24 



Indicial roots may often be calculated in terms of eigenvalues for an induced elliptic 
operator on the fibre Fy^, and might depend on G B. 

The operator L acts naturally on weighted Sobolev spaces. Let M be a manifold with 
complete edge metric G. For G N and (5 G M, define 

x^Hl{M) = {u = x^v : {xd^y {xdy)^d^v G dVc) V j + |a| + |/?| < 1], 

(By interpolation and duality, these spaces can be defined for any (. G M.) Clearly, if L 
is any edge operator of order m, then 

L : x^H^+^{M) —. x^hI{M) (16) 

for any 6,i. Further hypotheses, beyond the ellipticity of L are required to ensure that 
this mapping is well-behaved. 

The first instance of this is that the indicial roots of L yield weights 5 for which m 
does not have closed range; these are precisely the weights <5 for which an indicial root 7 
‘just fails’ to lie in near x = 0, i.e. where x'^ G for any e > 0 but x'^ ^ x^L?. 

We denote this critical weight 5 associated to a given indicial root 7 as (^( 7 ). With 
respect to the measure dxdydz, d(j) := Re 7 -|- 1/2. However, the measure appearing in 
our application below is dxdydz, and x'^ G x^dxdydz) near x = 0 if and 

only if 5 < 7 -|- (/ -|- l)/2 — a, so that we shall define < 5 ( 7 ) = Re 7 -|- (/ -|- l)/2 — a. 

Even when 6 is not equal to one of these critical values, the behaviour of the normal 
operator at weight 6 plays another very important role. 

Proposition 8 . Let L be an elliptie differential edge operator of order m. Fix 6 sueh that 
6 / < 5 ( 7 ( 6 )) for any indicial root 7 ( 6 ), b € B. Suppose also that N{L) : s^H^ —> s^L"^ is 
surjective (for all b G B). Then /1 161) is essentially surjective, in the sense that its range 
is closed and of finite codimension. On the other hand, if N{L) is injeetive on s^L'^ , then 
any element of the nullspaee of L is necessarily eonormal. 

There are many more refined statements one can make about the mapping properties 
of L. For later applications, we state only one very special result. We shall restrict to 
a special setting, which is what arises in our applications below. The hypothesis that 
the the normal operator N[L) is surjective is equivalent to the injectivity of the normal 
operator for the adjoint L*. This adjoint depends on the choice of measure, and we 
shall assume (as in our applications) that the adjoint of L on x^L^ corresponds to the 
same operator L on a ‘dually weighted’ space x‘^*L^, for some <5* > <5. The fact that L 
has closed range implies the existence of a generalized inverse G : x^L^ —> x^Hf^ which 
satisfies LG = I — P, where P is the orthogonal projector onto the cokernel. By duality, 
elements of this cokernel are identified with elements of the nullspaee of L on x^* Lf , and 
by the result above, these are conormal. 

Proposition 9. Let L satisfy the special assumptions of the preceding paragraph. Suppose 
furthermore that the interval {5, 5*) contains a finite set of indicial roots 7 ^, j = 1,..., A^, 
all of which are constant inb G B. Let f G x^* L'^Ci A*. Then u = Gf satisfies Lu = f — fi 
where 4> G x‘^*L^ n A*, Lfi = 0, and u = Uj{y, z)x'^^ -|- v; where each Uj{y, z) G C°° 

solves the indieial equation I{L){s'^^Uj{y, z)) =0, and the error term u G n x'^*L^. 
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The proofs rely on the construction of a pseudodifferential parametrix G for L, de¬ 
pending on 5. This is an element in the calculus of pseudodifferential edge operators 
'I'g(M). We do not define this calculus here, but remark only that these operators are 
described by specifying the precise asymptotic behaviour of their Schwartz kernels, near 
the diagonal and also near the boundaries and corner of M x M. We refer as before to 
dH]. (We should note also that the results stated here are slightly more general than 
what is written explicitly in that source because we are allowing the possibility of variable 
indicial roots outside the critical interval; however, these can be derived easily from the 
same techniques.) 

4.2 Edge analysis of Da 

We now proceed to apply the methods of the last subsection to the analysis of Da- The 
first tasks are the calculation of the indicial roots of Da and the analysis of the normal 
operator N{xDa). 


4.2.1 Indicial roots of Da 


For simplicity, first consider the calculation of the indicial roots for Da for the metric 
g = dx"^ -|- on the cone Ci{F). To do this, we decompose this operator as much as 
possible. Thus, first regard Da as a 2 x 2 matrix acting on pairs {a, /3) a + dx A (5, 
where a{x),P{x) E Q*{F) for each x; normalize by writing the A:-form part of a as x^a^, 
and similarly for (3. A short calculation then shows that, acting on pairs (Q;fc,/3fc), 

the full indicial operator is the direct sum over k of these matrices. Similarly, the indicial 
family is the direct sum of matrices 


I{xDa)k{l) 


Dp -7 - (/ - ^ + 2a) 
^ + k —Dp 


(17) 


This can be reduced further using the eigendecomposition for lS.p. In particular, we see 
that the operator in m is noninvertible if and only if for some eigenvalue for A^t’, 

/A -7 - (/ - /c - 2o) A 

V7 + ^ -A J 

is singular, or equivalently 

7^ -|- (/ — 2a)7 -|- k{f — k — 2a) — A^ = 0. 


Hence the indicial roots come in pairs: 

= « - I ± ^ [(/ - 2a - 2k)‘^ + 4A2] . (18) 

The extension of these calculations to incomplete edge metrics requires only some 
mild alterations. Write g = dx^ + g{x), where g{x) = h + x^p is a degenerating family of 
metrics on T = dM. When a is a (p, g)-form on T, its pointwise norm satisfies 
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Denote by Dy the operator D on Y for the metric Gx- By Proposition 3, with respect 
to the metric ^( 1 ) on Y, 

dy = dp + dp — II + R, dy = 5p + (dp)* ~ II* + R*; 
hence, Dy = Dp + Dp + R where 

Dp = dp + {dpy-m-ir, and R = R + R*. 


A quick review of the definitions shows that 

Dy = —Dp Y Dp -\- xR, 

X 

where all the components on the right are the corresponding operators at x = 1 . 

Now let Z —> R be the bundle with fibre Ci{F) obtained from Y ^ B, with met¬ 
ric g = dx‘^ + g{x). Decompose any form ijj = a + dxf\f5 on Z as a = Y^x^a^-, 
where is of type {*,k) on Y, and similarly for (3. Thus the pointwise norms satisfy 

|w|g = Y (l'^fcl§(i) terms of these decompositions and normalizations, the 

restriction of the operator Da to pairs of (*, /c)-forms on Z is given by 


/ ^Dp + Dp + xR -dx - 

\dx + ^ - {^Dp + Dp + xR) 


(19) 


From this expression, we see that neither Dp nor R appear in the indicial operator 
I{xDa). Hence the computation of the indicial roots is exactly the same as in the conic 
case; in other words, all indicial roots are of the form m- Note, however, that the 
eigenvalues may depend on 6 G R, hence the same may be true of these indicial roots. 

Notice that if a; G and \uj\g ~ x"<, then a; G (near x = 0) if and only if 

7 > a — //2. The indicial roots which lie near to (and above) this ‘x“L^ cutoff’ are the 
ones which cause the difference between minimal and maximal domains. We explain this 
later, but for now record the 

Corollary 6. The indicial roots of the operator Da contained in the interval (a — (/ + 
l)/2,a — if — l)/2) correspond to the eigenvalues of Ap on k-forms such that (/ — 
2a + 2ky + 4A^ <1. In order for this condition to he nonvacuous, it is necessary that 
k £ ((/ — l)/2 — a, (/-t-1)/2 — a). Note in particular that 7 ^^ = a — f/2Y{f/2 — a — k) = 
— k, k+2a—f G (a—(/-l-l)/2, a—(/ —1)/2) precisely when k £ ((/ —1)/2—a, (/+l)/2—o) 
and H^{F) / 0. 


4.2.2 The normal operator of Da 

According to the discussion in the final paragraphs of §4.1, we must also study the 
mapping properties of the normal operator N{xDa). Before doing so, we address some 
‘duality’ issues. The main point is that Da is formally symmetric on x“L^D*, hence the 
adjoint of the (closed range) operator 

Da : x^L^D* —> x^-^L^D* (20) 
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is identified with 

Da : —> x'^L'^n*. ( 21 ) 

Recall also that, according to the computations of the preceding subsection, there are at 
most two indicial roots 7 ^ in the interval (a — (/ + l)/ 2 ,a — (/ — l)/ 2 ), and these are 
symmetric around the midpoint a — f /2. We shall assume that the metric g is such that 
Ap has no small nonzero eigenvalues, so that no other indicial roots intersect the closed 
interval [a — {f + l)/ 2 , a — {f — l)/ 2 ]. 

By ((III), 

N{xDa) = sD(j(F)^a + sD^b, (22) 

where the first operator on the right is the analogous weighted operator on the complete 
cone C{F) and the second is on Euclidean space. In fact, the identification of s~^N{xDa) 
with Dpg^p^ a + may also be seen by naturality, since the operator on the left must 
equal, at b ^ B, the Hodge-de Rham operator on M+ x x F with respect to Qh = 
ds^ + + Kb- 

Proposition 10. 

N{xDa) ■ 

is injective, and hence m has a finite dimensional nullspace consisting of conormal 
forms 

Proof. Suppose that to G s°‘L?‘Pl* is in the nullspace of this operator. Take the Fourier 
transform in the u direction; denoting the dual variable by g, then whenever g 0 we 
can rescale, setting t = s|r 7 |, g = g/\g\. Then 

{Dc{F),a + icl (g)) A = 0, 

where cl (?)) is Clifford multiplication r) A • + /.(?})•. Apply Dc(F)^aFi cl (g) to this equation 
to deduce that 

{^C{F),a + l) cD = 0. 

It is not hard to show, cf. m, that any solution of this equation either grows or decays 
exponentially as t ^ oo, and the hypothesis prohibits the former. Furthermore, 
solutions are polyhomogeneous as t —> 0 , and hence decay at some indicial weight D with 
7 > a — (/ — l)/2. Hence both N{d)uj and N{6a)cb decay like and in particular are 
still in This means we can integrate by parts to obtain 

0 = {i^c{F),a + = \\N{d)i2!\\l + ||iV(5a)w||a + 11^11^; 

all boundary terms vanish. This gives F = 0, as desired. 

When g = 0, the problem reduces to showing that AF;(^F),a has no nullspace in 
on the entire cone C{F), which is even more easily verified to be true (e.g. by separation 
of variables). □ 

Following the discussion from the end of §4.1, if (a — (/ +1)/2, a — (/ — l)/2) contains 
no indicial roots for Da, N{xDa) is injective on 

There are no forms in the nullspace of the normal operator which lie in FLfiO.* n 
^(dmax,a) C T’((5min,a) or fl T>(dmin,a) C T>(5max,a)- From this it is possible to show 
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that uj G ^abs/rei(-^’ he. such harmonic forms are conormal. Unfortunately, 

these results rely on a slightly more elaborate parametrix construction than is available 
in the literature, so at present we are only asserting this informally. At the end of the 
next subsection, however, we show that forms in are conormal. 

4.3 Closed extensions of Da 

It is a general fact that closed extensions of d on are in bijective correspondence 

with the self-adjoint extensions of Da on this space. To see this, first note that if d is 
any closed extension of d, and if da is its Hilbert space adjoint, then Da = d + da is a 
self-adjoint extension of Da- Conversely, any self-adjoint extension of Da determines an 
associated closed extension for d, cf. j2| Lemma 2.3]. We summarize this in the 

Proposition 11. If d has more than one closed extension on then Da 

has more than one self-adjoint extension on this space; equivalently, if Da is essentially 
self-adjoint, then dmax,a — da\in,a- 

Notice that since d always has closed extensions. Da always has self-adjoint extensions. 
However, if Da is not essentially self-adjoint, then it will have closed extensions which 
are not necessarily self-adjoint; the relationship between these and the closed extensions 
of d is somewhat more complicated, and we shall not attempt to describe it. 

Theorem 7. The symmetric operator Da is essentially self-adjoint on x^'ifH* {M, g) if 
and only if there exists no indicial root for Da in the interval (a —(/-|-1)/2, a —(/ —1)/2). 
As explained earlier, this is equivalent to the nonexistence of small eigenvalues for Ap 
on k-forms such that k G (//2 — a — ^Vl — dA^), //2 — a -\- ^Vl — dA^). In this case d 
also has a unique closed extension. 

Proof. Assume that there are no small eigenvalues, as described in the statement of the 
theorem. Fix a parametrix G for Da relative to the space x^'lfll*. This is an element 
of order —1 in the edge calculus. If cu G D{D^ax,a), then / = DaUJ G x°'iP'Pl*{M, g), and 
applying G gives that in fact a; G . We recall that in general, Gf would be the 

sum of two terms, the first corresponding to these small indicial roots and the second 
an error term in x°'~^^H^Q*, but by our hypothesis, the former of these is absent. It is 
now straightforward to check that cv may be smoothly approximated in the Da-grscph. 
norm, i.e. that there exists a sequence of smooth compactly supported forms such 
that 4>j UJ, Da4>j —> DaUJ in This shows that uj G D{DaPm,a)- 

Conversely, if there do exist indicial roots in the critical range, then these may be used 
to construct nontrivial elements in T>{D^g^,a) \ D{D^\a^a)-, and by the general abstract 
theory, there will be more than one self-adjoint extension of Da- Because this is not 
central to our discussion, we leave details to the reader (and refer to ^U] for a thorough 
discussion of the conic case). □ 

In the conic case (when a = 0) this result is due to Cheeger [31; cf. also The 

analysis needed in that case is simpler than the edge analysis used here, though this is 
not apparent ‘on the surface’. 

We turn now to a description of P(Llmax,a) in the more general case where this 
vanishing condition is no longer satisfied. By definition, this domain is the set of all 
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LO G x°‘LP‘^1* such that DaU) G x°‘L?‘Q.*. We have already remarked that the mapping 
(PH) has closed range, which we denote IZa- Its cokernel is finite dimensional since, by 
Proposition m, the adjoint mapping m has a finite dimensional nullspace. Hence we 
can choose a generalized inverse 

Ga : x^-^L^VL*{M,g) —^ x^L^9.*{M,g)- 

this is a pseudodifferential edge operator of order —1 which satisfies DaGa = I — P on 
where P is the orthogonal projector onto the cokernel. The condition / G TZa 
is equivalent to (/, 7 ) = 0 for all 7 in the nullspace of m- Notice also that 
is dense in TZa- Therefore, 

V{D^a.,a) = Ga {TZa H 

where Ma is the nullspace of (PH). 

Finally, if 7 G g, a), then {Draa^^ail, 7 ) = 0 for all 7 G T>(T'max,a), i-e. (/, 7 ) = 

0 for all / G Pa H Using the density statement above, this shows that 7 lies in 

the nullspace of m, and is thus conormal. 

We note in conclusion that any lo G 'I){D^e,x,a) has a ‘weak’ asymptotic expansion of 
the form 

uj ^ oJq {y,z)x'^° + oJq {y,z)x'^° + uj' 

where uj' = again in a suitable weak sense. We refer to |18) for more details. 


4.4 The minimal Hodge cohomology 

We are now in a position to prove the 


Theorem 8 . Let M be a manifold with an incomplete edge metric g. Then 


Til^{M,g,a) = 




-l/ 2 > {X,B) 




In particular, when a = 0, 

nX^{M,g,0) = Im{IH^^{X,B) IHUX,B)). 


f odd 
f even. 


Proof. Recalling that Ti.P^ is quasi-isometry invariant, we may as well assume that Ap 
has no small nonzero eigenvalues, in the sense of the preceding subsections. If there are 
no small eigenvalues at all, i.e. either when (a — (/ -|- l)/2, a — (f — l)/2) n N = 0 (which 
holds, for example, when a = 0 and / is odd), or else if there exists Qa ^ { 0 - — {f + 
l)/ 2 ,a — if — l)/ 2 ) but = { 0 }, then the result follows directly from what we 

have already done, since then H’f ,■ (M,g,a) and and Tit, , , , AM,g,a) are all 
equal, cf. Corollary|21 Thus we suppose that there exists (?a G («~(/ + l)/ 2 ,a —(/ — 1 )/ 2 ) 
such that H'^°'l{F) / {0}. 

According to Theorem^ the space appearing on the right in the statement of this 
theorem, for / even or odd, is identified with Im {H ^-,, {M,g,a) , g, a)). For 

simplicity, we denote it as J^{M,g,a). 
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We claim first that there is a natural injective map 

To see this, recall that any form oj G g, a) = g, a) n g, a) natu¬ 
rally represents a class in g, a). If [a;] = 0 in g, a), then lv = dC, for some 

C G T’((iniax,a)- But this would imply that Hcull^ = {u>,d()a = 0 since lo G ker((5min^a). 
This proves the claim. 

The issue, then, is to prove that any class [g] G J^{M,g,a) is represented by an 
element of TL^^^{M, g,a). Choose a representative g G 7 > a — (/ — l)/2, for 

this class. Now use a generalized inverse G for Da : x°‘Lp‘Vl*{M,g) —> x°'~^Lp‘Vl*{M,g) 
(acting on its maximal domain). According to Propositions 8 and 9, this gives C, G 
and an element of the cokernel, which by duality corresponds to an element 
uj G ker Da H g, a), such that g = DaC + uj. (Recall that 'Jq is the 

lower of the two indicial roots in the critical interval.) The theorem will follow once we 
show that 6aC = 0. Now 

Il'^aClla = {SaC,V-dC-^^)a- 

Integrating by parts formally this should vanish, so it remains to show that each inte¬ 
gration by parts is valid. First, {5aC:g)a = 0 since both terms are conormal and dg = 0. 
Similarly (SaC,ct’}a = 0 since cj G kerdmin^a. To show that the remaining term vanishes, 
observe that C = Co" + + C' where (' G 7 > a — (/ — l)/2. Writing 

C^ = + dx A , then /i^, G C°^ and in the nullspace of Aj?. A closer inspection 

of the equation DaC = g — oj shows that 

dfiQ = = 0 . 

(The operators D, 0* are the differential and codifferential for the (fibre-harmonic) pro¬ 
jected complex for the Riemannian submersion metric (Y, g(x)).) In any case, the identity 
(dC, SaC)a = 0 is now immediate. This proves the remaining assertion, and hence the the¬ 
orem. 

□ 


5 Hodge theory for complete edge metrics 

We are also able to determine the dimensions of the spaces of the spaces L‘^T-i^{M,g) 
when (M, g) is a manifold with a complete edge metric. Unlike the incomplete case, in 
certain degrees this Hodge cohomology may be infinite dimensional, i.e. there is an infinite 
dimensional space of harmonic forms. The simplest example of this is when {M,g) 
is the n-dimensional hyperbolic space, or indeed any conformally compact manifold, and 
k = n/2, cf. pnj . 

Theorem 9. Let {M^,g) be a manifold with a complete edge metric. Let X be the 
compact stratified space defined in §5. Suppose that k is not of the form j + {b + l)/2 
where W{F) / {0}. Then 

L^n^M.g) ^ 
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In this case, the iP' signature theorem for M is the same as the iP signature theorem 
for M endowed with the conformally equivalent incomplete edge metric x^g. In all other 
cases, where k does have this form, lPl-&{M,g) is infinite dimensional. 

Proof. There are several viable ways to proceed: one could use a parametrix construction 
based on the edge calculus to do a global Hodge theoretic argument as in EOI; one could 
also, as in the incomplete case, use sheaf theory, calculations of local cohomologies, etc., 
ab initio; we take a shorter intermediate route, reducing to the incomplete edge case 
using the conformal invariance of the space of middle degree harmonic forms. 

It suffices to consider forms of degree k > n/2. Define k = (n + r)/2 with 0 < r < n. 
For later use, we also set o" = (/ + r)/2, cr' = (f — r)/2. Now, since 2k = n + r, k \s 
the middle degree on the manifold M = M x 5’’. Endow M with the product metric 
Gr = g + Hr (where Hr is the standard metric on 5^); in a neighbourhood of dM 

^ + h . , 

Gr — -^5-h (k + Hr). 

In other words, Gr is still a complete edge metric with the same base {B, h) as g, but 
with fibre {F x ,h + Hr). There is a corresponding incomplete edge metric g = x^g 
on M. We denote its compactification, obtained by pinching the fibres F x 5^ at the 
boundary, by X. 

We first claim that 

L^n\M,~g)=nt,^{M,g,^). (23) 

The verification is straightforward; by conformal invariance of the iP condition and the 
operator d = ± * d* in the middle degree, harmonic forms on the complete manifold 
are in the maximal domains of d and 5 (and indeed their nullspaces) on the incomplete 
manifold, and conversely. 

By the iP Kiinneth theorem, 

L^rP^{M,g) = L^H^{M,g)®L^H^-^{M,g). 

On the other hand, while we have not shown how to compute , g, 0) in general, 

and indeed have noted that it is sometimes infinite dimensional, we now show that 
under certain hypotheses, it equals , g,0); thus we can then apply Theorem 3 

to calculate the right side of (f^ as IH^{X). (Under these hypotheses, the intersection 
cohomologies with upper or lower middle perversity are the same, so we just write m.) 

So, let us suppose that either b is even, or else if b is odd then H^{F) (and hence 

(F)) is trivial; note this last condition is automatic when r > f. We claim that under 
these conditions, the minimal and maximal de Rham complexes on M coincide, and thus 
5) 0) = 5) 0)- Indeed, this follows directly from Corollary 01 we have 

dimM = h = 2k even; if b is even, then f = f + r = h — b — 1 is odd, while if b is odd, 
then 

X = H^{F) © H'"'(F) = {0}. 

Taking these facts together, and assuming this vanishing of the fibre cohomology 
when b is odd, we have proved that 

L^n^{M, g) © g) = IH^iX). (24) 
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It remains to compute the final term on the right of (El. We decompose 


X = M xS^ Uyx5- 

where Z is the cone bundle over B with hbre F x S'^ and boundary Y x S”'. Of course, 

i7^(M X S^) = H^{M) © 


On the other hand, 

IHUZ) = IHl{Z)®IH*-^{Z). 

To prove this, we return to the sheaf-theoretic description. For product neighbourhoods 
U = V X Ci{F X S^), we have 


IHi,{U;C) = IHi{Ci{FxSn) 


W{F)®W-^{F), j<(f + r-l)/2 

0 otherwise. 


Note that we have combined the conditional inequality in this last step, which should 
depend on the parity of f+r, into one condition. This condition is correct as stated if f+r 
is odd; if / + r is even, then one would expect the condition j < (/ + r)/2 — 1 = u — 1 
or j < (/ + ^)/2 = cr, depending on whether one was using upper or lower middle 
perversity. However, the hypothesis H^{F) = 0 guarantees that we get the same result 
in either case. Thus we see that the spectral sequence whose hyper cohomology computes 
the intersection cohomology of Z decouples into two noninteracting pieces. 

We have now proved that for a fixed k, assuming the hypotheses above. 


We would, of course, like the summands to be equal separately; this can be seen simply 
by noting that the correspondence takes place on the level of forms, and we can separate 
out the terms with like degree. 

It remains to show that in the remaining cases, i.e. when h is odd and H^{F) ^ {0}, 
cr = {2k — b — l)/2, L‘^Ti^{M) is infinite dimensional. This follows from two assertions: 
that 0 is in the essential spectrum of A^, and that there is a spectral gap at 0 for A^. We 
content ourselves with sketching the proofs briefly. The first step relies on the observation 
that up to quasiisometry, some neighbourhood of inhnity looks like the product of half 
of a hyperbolic space and a compact manifold, specifically x F. Since 6 + 1 is even, 
there is an infinite dimensional family of harmonic forms on the first factor. Since 
k = (6 + 1)/2 + it, we can take suitable truncations of these, coupled with harmonic forms 
of degree a on F, to produce a Weyl sequence on M. For the second step, we construct 
a parametrix in the edge calculus for A^.. Its normal operator is given by 

k 

= y~]iV(A]gb+y,-) + Xp^k-j- 

3=0 

Both of these operators have spectral gaps at zero (even when j = {h + l)/2), so it is 
possible to construct a parametrix for A^ — A with compact remainder when A is small 
but nonzero. We refer to m and m for more complete descriptions of such proofs in a 
slightly simpler context. □ 
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